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Solitons are solutions of nonlinear partial differential 
equations.

Can we find solitons in strongly-correlated quantum fluids?
What are their properties?

Let’s find them in the one-dimensional Bose gas.



Dark soliton oscillations in BEC experiment 

Hamburg Experiment: Becker et al. (2008) 

Solitons in trapped BEC oscillate more 
slowly than COM 
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Dark solitons 
•  Mean field (classical) theory: �

Defocussing nonlinear Schrödinger (Gross-Pitaevskii) equation

Dark and grey soliton solution (g>0):
Tsuzuki, JLTP (1971)
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Kivshar, Luther-Davis (1998) 
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The one-dimensional Bose gas 

Dark-soliton-like excitations in the Yang-Gaudin gas of attractively interacting fermions6

the interaction constant as g = ~2
m c where c = 2

a1D
and a

1D is the 1D scattering length

[59]. Let us also introduce the 1D density, n
0

= N/L, and � = c/n
0

which is a useful

dimensionless parameter both in the finite system and in the thermodynamic limit.

2.1. Bethe ansatz equations in exponential form

The Bethe-ansatz solution of the Yang-Gaudin model (2) consists of superpositions of

plane waves for the many-body wave function [60]. These are subject to boundary

conditions where particles interact and at the box boundaries, as well as fermionic

symmetry constraints. The solutions are uniquely determined by a set of quantum

numbers with the dimension of wave numbers known as rapidities. They have to satisfy

the Bethe ansatz equations in exponential form [40, 41]:

exp(ikjL) =
MY

n=1

kj � ↵n + ic/2

kj � ↵n � ic/2
, (3)

NY

j=1

↵m � kj + ic/2

↵m � kj � ic/2
= �

MY

n=1

↵m � ↵n + ic

↵m � ↵n � ic
. (4)

The charge rapidities kj can be thought of as the quasi-momenta of the fermions. They

completely determine the total momentum and energy of the system

P
tot

= ~
NX

j=1

kj, (5)

E
tot

=
~2
2m

NX

j=1

k2

j . (6)

The spin rapidities ↵m are auxiliary variables and are present due to the spin degree of

freedom. The ↵m’s do not contribute to the energy or momentum but must be solved

for as they are coupled to the kj’s. There are infinitely many di↵erent sets of rapidities

that solve (3) and (4) and each one corresponds to an eigenstate of the Hamiltonian (2).

In this work we are interested in the yrast states, i.e. the states with the lowest energy

E
tot

at given momentum P
tot

. We also restrict ourselves to balanced populations of

spin-up and -down particles, i.e. N = 2M . The rapidities for yrast states can be easily

identified in the weak and strong interaction limits, where simple analytic solutions to

(3) and (4) are known. The yrast solutions for finite interaction strength can then be

found by continuity. Examples of rapidities for yrast states are shown in figure 2.

A particular feature due to the periodic boundary conditions is that a new set of

rapidities solving (3) and (4) can be generated from an existing one by adding 2⇡/L

(or an integer mutiple) to every kj and ↵m, as is easily seen from the equations. This

changes the momentum to P 0
tot

= P
tot

+ 2⇡~n
0

, where n
0

= N/L and the energy to

E 0
tot

= E
tot

+ (2⇡~n
0

)2/2mN . Physically this corresponds to a Galilean boost of the

whole system by the umklapp momentum 2⇡~n
0

⌘ 4pF , while the internal structure of

the many-body state is unchanged [47]. Here, pF = ⇡~n
0

/2 is the Fermi momentum of

kj -  Rapidities/quasimomenta
-  Integer quantum numbers
-  number of bosonsN

The single-particle density matrix of a quantum bright soliton from the coordinate Bethe ansatz
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2. The coordinate Bethe Ansatz formalism

The Lieb–Liniger model represents a one dimensional system of N bosons with coor-
dinates xi interacting with a contact potential of strength c. The Hamiltonian of the 
model is

H
x

c x x2 ,
i

N

i i j
i j

1

2

2
,

( )
⟨ ⟩

∑ ∑ δ= − ∂
∂
+ −

=
 (1)

where the sum runs over all pairs of particles.
The coordinate Bethe Ansatz gives an explicit form for the eigenstates of the 

Schrödinger equation associated with the Hamiltonian (1), in the position representa-
tion. If we denote the size of the system by 2L, we can write the eigenstates in the 
fundamental domain L x x x L... N1 2⩽ ⩽ ⩽ ⩽ ⩽−  in the form

x k a k xexp ,i i
S N i

i i⟨{ } { }⟩ ( )
( )

( )
⎛
⎝⎜

⎞
⎠⎟∑ ∑| =

∈
P

P
P (2)

where S(N ) is the set of all permutations on N1, ...,  and the ki are called quasi-momenta. 
They can be either real or complex, depending on sign of c. The wave function on the 
whole domain can be reconstructed by bosonic symmetry.

The contact potential in (1) imposes boundary conditions for x xi j= , and leads to 
constraints over the coefficients a( )P  that have to satisfy the following set of equations:

a
k k c

k k c
a

i

i
,

i i

i i

1

1

( ) ( )( ) ( )

( ) ( )
=

− +
− −

′ +

+
P PP P

P P
 (3)

where ′P  is derived from P by exchanging the ith and the (i  +  1)th component of the 
permutation.

In the following, we are interested in the attractive case characterized by c being 
negative, in which the eigenstates of the system include the so called string states. In 
the regime of a large L and finite N, their quasi-momenta are complex, and form strings 
along the imaginary axis. The ground state and the first excited states, denoted by p⟩| , 
are made of one string centered on the real axis on a value p, and the quasi-momenta 
of the particles are then

k p
c

N j j Ni
2

2 1 1, .. ,j j( ) { }δ= + − + + ∈ (4)

with ej
cst L( )δ ∼ −  called the string deviations. In the following, we will neglect the expo-

nentially small string deviations, which becomes exact in the limit of large box size 2L. 
The formation of strings is regarded a hypothesis and unproven in the general case of 
a finite box size but known to be exact in the infinite volume limit [27–29].

The string states are eigenstates of the momentum operator of the whole system 
with eigenvalues Np, the total momentum of the string. It follows from (3) that all 
the coefficients a( )P  vanish except for the identity permutation, when using the string 
quasi-momenta of (4).

The final wave function for a simple string state (4) valid inside and outside of the 
fundamental domain is thus

Bethe ansatz wave function

Ij

kj +
1

L

X

l

2 arctan
kj � kl
mgh�2

=
2⇡

L
Ij
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Dark-soliton-like excitations in the Yang-Gaudin gas of attractively interacting fermions5

the Bethe-ansatz equations directly and with the aid of a string hypothesis for fermion

pairs in the strongly attractive regime. We then solve the integral equations for dimer

holes, which govern the yrast dispersion relation in the thermodynamic limit. From

these, a number of physical quantities including the missing particle number, the phase

step, and the inertial and physical masses are calculated. We find that the missing

particle number varies from one to two missing fermions as we tune from the Tonks-

Girardeau gas of dimers to the BCS limit, while both the physical and the inertial

masses correspondingly change from �2m to �m. Interestingly, the mass ratio mI/mP

is 1 in both limits and reaches a minimum value of about 0.78 in the crossover regime

� ⇡ �1.3 (see figure 9). This contrasts sharply with the results of 1D mean field theory

[36], where the mass ratio diverges in the BCS limit.

This paper is organized as follows: Section 2 introduces the Yang-Gaudin model and

the corresponding Bethe ansatz equations for finite particle number. The structure of

the ground and yrast exctited states, as well as the methods for solving the equations, are

discussed in both the strongly and weakly interacting regimes, and the excitation spectra

are computed. Section 3 then deals with the thermodynamic limit dispersion relations.

After discussing the ground state thermodynamic-limit equations in section 3.1, the

equations for the yrast dispersion relations are given in section 3.2, the missing particle

number and phase step are calculated in section 3.3 and the inertial and physical masses

insection 3.4. Conclusions are drawn in section 4 and three appendices provide technical

details regarding the numerical solution of the finite-system Bethe ansatz equations

(Appendix A), an outline of the derivation of the excited-state thermodynamic limit

integral equations (Appendix B), and details pertaining to the numerical computation

of the missing particle number (Appendix C), respectively.

2. Yang-Gaudin model for finite fermion number

The Yang-Gaudin model describes a gas of spin-1/2 fermions, confined to a 1D box with

periodic boundary conditions and interacting via a two-body �-function potential. The

Hamiltonian takes the form

H = �

~2
2m

NX

j=1

d2

dx2

j

+ g
X

hi,ji

� (xi � xj) , (2)

where in the second term the sum is over all pairs counted once. There are N fermions in

total, M  N/2 of which are spin-up and the rest are spin-down. Furthermore, m is the

mass of each particle, and L is the length of the box. The model is relevant to ultra-cold

fermionic atoms in two hyperfine states confined to a 1D wave guide in the low density

limit [42–45]. The 1D interaction constant g can be related to the 3D scattering length

a of the atoms and the wave guide trap frequency !? and length scale a? =
p
~/m!?

by g = 2~!?a(1 � Aa/a?)�1 with A ⇡ 1.0326 [49]. The coupling constant diverges

and changes sign at a confinement-induced resonance where a/a? = A�1. We are here

considering the case of attractive interaction where g < 0. It is convenient to write

Lieb-Liniger model: Bosons with contact interactions in one 
dimension 



Low-lying excitation spectrum 
(yrast states) 
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elementary excitations 

Umklapp excitation 

(ring current) 

P

2⇡~nEigenstates are translationally invariant!
Where are the solitons?

Experimental probe 
of dynamic structure 
factor Fabbri et al. 
(2015)



Comparison of dispersion relations 
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How to get over the translational invariance 
of the eigenstates? 

•  Syrwid, Sacha, PRA (2015): Soliton emerges during particle 
measurement. 

•  Sato et al. NJP (2012, 2016):  Localised density dip by superposition 
of all yrast eigenstates

•  Our proposal: Gaussian wave packet of yrast states
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Simulating time evolution 

2

consistent with the assumption that in the limit � ! 0 where
Ns ! �1 the properties of the quantum dark soliton are
described quantitatively by the Gross-Pitaevskii equation. In
the opposite limit of the Tonks-Girardeau gas � ! 1 where
Ns ! �1, the width of the fundamental dark soliton vanishes
and the density features are fully described by a single hole in
a sea on non-interacting spinless fermions in accordance with
the Bose-Fermi mapping theorem [28].

Yrast states in the Lieb-Liniger model – The starting point
for our considerations is the Lieb-Liniger model [29, 30] of
N bosons with mass m interacting with delta-function inter-
actions

H = � ~2
2m

NX

i=1

@2

@x2

i

+ g
X

i<j

�(xi � xj), (1)

where the second sum is over pairs of particles. For def-
initeness, we consider a system of length L and periodic
boundary conditions. In the thermodynamic limit, the physics
of the system depends on a single dimensionless parameter
� = gm/n

0

~2, where n
0

= N/L is the average particle num-
ber density. The eigenstates of H can be constructed with the
Bethe ansatz, and each is fully determined by a set of N ra-
pidities �j , solutions to the Bethe equations [29]

�j +
1

L

X

k

2 arctan

�j � �k
mg~�2

=

2⇡

L
Ij , (2)

in which the quantum numbers Ij are half-odd integers (inte-
gers) for even (odd) N . For any set of pairwise distinct num-
bers {Ij}, a unique set of real-valued rapidities {�j} is found
for repulsive interactions g > 0. The rapidities uniquely de-
termine the eigenstate, and its energy

E =

~2
2m

X

j

�2j , (3)

and momentum

P = ~
X

j

�j , (4)

are easily computed. The ground state for N particles
is obtained with the contiguous set {Ij} = {�(N �
1)/2, . . . , (N � 1)/2}. Its momentum is zero and we de-
note its energy by EN

0

. Of particular interest for the study of
quantum dark solitons are the states of lowest energy for given
momentum P and particle number N , also called yrast states.
These states, denoted by |P, yri are obtained by removing a
single quantum number from the ground state set of {Ij} and
adding either ±(N +1)/2 and solving the Bethe equation (2).
The momentum dependence of their energies EN

P is shown in
Fig. 1. Note that the yrast excitation at P = 2⇡N~/L with en-
ergy EN

P �EN
0

= P 2/2mN (rightmost in Fig. 1) was termed
an “umklapp” excitation by Lieb [30] and corresponds to a
pure translation of the ground state, or a pure ring current. It
corresponds to a shifted set of ground state quantum numbers

{�(N � 1)/2+ 1, . . . , (N � 1)/2+ 1}. The role of the yrast
states facilitating a transition between ring current states in a
toroidally trapped Bose gas was highlighted in Refs. [31–33].
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FIG. 1. Dispersion relation of yrast states of the Lieb-Liniger model.
Symbols show the excitation energies E

N
P � E

N
0 for N = 10 and

� = 1 (top left) and N = 100 (top right). Thick lines show the ap-
proximate formula for the finite system (12) and thin lines show the
infinite system dispersion relations obtained from the Bethe ansatz
[30] for comparison. The interaction strengths are � = 0.1 (dot-
dashed black), � = 1 (full blue), and � = 10 (dashed red line). The
thermodynamic limit dispersion relation E

1
s (P ) is shown as a dot-

ted line and the full line shows the dispersion relation corrected for
finite particle number ✏N (P ).

Simulation of density profiles – In order to find many-body
quantum states that most closely resemble classical solitons
with a localised density dip, we construct initial states as
Gaussian superpositions of yrast eigenstates with width �P

|P
0

i =
X

q

CP0
q |q, yri, (5)

with CP0
q = A exp[�(q � P

0

)

2/4�P 2

] where A is a
normalisation factor. Let us introduce with |P

0

(t)i =

exp(�iHt/~)|P
0

i the time evolution of the quantum dark
soliton state. We obtain the corresponding single-particle den-
sity n(x, t) from the expectation value of the density operator
⇢̂(x) = ˆ †

(x) ˆ (x) as

n(x, t) =hP
0

(t)|⇢̂(x)|P
0

(t)i (6)

=

X

p,q

CP0⇤
q CP0

p hq, yr|⇢̂(0)|p, yri (7)

⇥ exp[i(p� q)x/~� i(Ep � Eq)t/~], (8)

where the density form factor hq, yr|⇢̂(0)|p, yri evaluates to
a number, which can be calculated from the rapidities {�j}
of the yrast states using formulas derived from the algebraic
Bethe ansatz [25, 34–37].

Figure 2 shows the time evolution of a quantum dark soliton
density profile.

The form factor is calculated by determinantal formula 
from the rapidities. Formula derived from algebraic 
Bethe ansatz: Slavnov (1989), Korepin (1982), Caux 
(2007)
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Time evolution of quantum dark soliton 
Use the following ansatz, in analogy to quantum bright solitons: 

3
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FIG. 2. Time evolution of a quantum dark soliton constructed as
a superposition of yrast eigenstates of the Lieb-Liniger model with
N = 100 particles at intermediate interaction strength � = 1.

Phenomenological theory of quantum dark solitons –
Here we show that wave-packet-like superpositions of yrast

states show a depletion in the single-particle density. The den-
sity depletion will however not remain localised but disperse
due to the non-linear features of the yrast dispersion.

�x2

(t) = �
fs

2

+ �2

CoM

(t), (9)

where �
fs

2 is the variance of the fundamental soliton, which
is constant in time. The center-of-mass variance �2

CoM

(t) fol-
lows the time evolution of a Gaussian wave packet in the sin-
gle particle Schrödinger equation

�2

CoM

(t) = �2

0

"
1 +

✓
~t

2M�2

0

◆
2

#
, (10)

where

�2

0

=

~2
4�P 2

, (11)

is the variance of the Gaussian wave packet.
Yrast dispersion relation – The yrast excitation energy

EN
P � EN

0

becomes a continuous function of momentum
E1

s

(P ) in the thermodynamic limit where N ! 1 while
n
0

= N/L = const. It can be obtained by solving a Fredholm
integral equation [38]. The continuous dispersion relation is
useful for obtaining various relevant properties for the quasi-
particle descriptions as derivatives, i.e. the quasiparticle ve-
locity v

s

= dE
s

/dP and inertial mass m�1

I

= d2E
s

/dP 2. It
be seen from Fig. 1 that the infinite system dispersion E1

s

(P )

is not a good approximation of the exact finite system excita-
tion energies EN

P � EN
0

. At P = 2⇡n
0

~, for example, the
umklapp energy P 2/2mN simply goes to zero for N ! 1.
The leading 1/N correction term to the yrast dispersion rela-
tion of the finite system can be obtained from a conceptually
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FIG. 3. Width of the density depression from simulations with N =
100 particles (symbols) compared with fits of Eq. (9) (lines). The
bottom left panel demonstrates the typical slow (quadratic) initial
growth of �x that leads over into linear (diffusive) spreading at later
times t, for � = 1. Top left: Fits of �x

2 vs. �p

2 at t = 0 used for
extracting �fs

2 as the intercept. � = 0.1, 1, 10 shown by red dashed,
blue continuous, black dotted lines, respectively. Right column: Fits
of the time evolution used to extract the effective mass M

⇤ ( � =
0.1, 1, 10 shown in top, middle, bottom panel, respectively). The
expected quadratic dependence of the variance on �P and t is evident
in all parameter regimes.

simple argument based on the assumptions that yrast states are
associated with (soliton-like) quasiparticles characterised by
(a) a particle number depletion Nd =

R
[n(x) � n

bg

]dx < 0

that is localised on a scale that is small compared to the box
size L, where n

bg

& n
0

is the background density, and
(b) a nominal “phase step” �� that leads to a backflow current
with velocity v

cf

= ~��/mL.
The physical picture is that a background current has to flow
in order to link up the phase at the edges of the box due to pe-
riodic boundary conditions. The soliton moving on the back-
ground experiences a Galilean boost. The approximate finite
system dispersion to leading order O(L�1

) is then obtained
from

EN
s

(P ) ⇡ E1
s

(P ) + Psvcf +
1

2

Nmv2
cf

+

N2

d

2L

dµ

dn
0

, (12)

where Ps = Ndmv
s

is the physical momentum of the mov-
ing density depletion and the last term is a correction of the
ground state energy due to the localised particle depletion ob-
tained from Taylor expansion of the equation of state. All
quantities on the right hand side of Eq. (12) are evaluated
in the thermodynamic limit with density n

0

. The Galilean
boost demands P = P

s

+ Nmv
cf

, which can be used to de-
termine the backflow velocity v

cf

or, equivalently the phase
step �� once the particle number depletion N

d

is known (see
Fig. 1). The latter can be computed from the dispersion rela-
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FIG. 2. Time evolution of a quantum dark soliton constructed as
a superposition of yrast eigenstates of the Lieb-Liniger model with
N = 100 particles at intermediate interaction strength � = 1.

Phenomenological theory of quantum dark solitons –
Here we show that wave-packet-like superpositions of yrast

states show a depletion in the single-particle density. The den-
sity depletion will however not remain localised but disperse
due to the non-linear features of the yrast dispersion.

�x2

(t) = �
fs

2

+ �2

CoM

(t), (9)

where �
fs

2 is the variance of the fundamental soliton, which
is constant in time. The center-of-mass variance �2

CoM

(t) fol-
lows the time evolution of a Gaussian wave packet in the sin-
gle particle Schrödinger equation

�2
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#
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where

�2

0

=

~2
4�P 2

, (11)

is the variance of the Gaussian wave packet.
Yrast dispersion relation – The yrast excitation energy

EN
P � EN

0

becomes a continuous function of momentum
E1

s

(P ) in the thermodynamic limit where N ! 1 while
n
0

= N/L = const. It can be obtained by solving a Fredholm
integral equation [38]. The continuous dispersion relation is
useful for obtaining various relevant properties for the quasi-
particle descriptions as derivatives, i.e. the quasiparticle ve-
locity v

s

= dE
s

/dP and inertial mass m�1

I

= d2E
s

/dP 2. It
be seen from Fig. 1 that the infinite system dispersion E1

s

(P )

is not a good approximation of the exact finite system excita-
tion energies EN

P � EN
0

. At P = 2⇡n
0

~, for example, the
umklapp energy P 2/2mN simply goes to zero for N ! 1.
The leading 1/N correction term to the yrast dispersion rela-
tion of the finite system can be obtained from a conceptually
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FIG. 3. Width of the density depression from simulations with N =
100 particles (symbols) compared with fits of Eq. (9) (lines). The
bottom left panel demonstrates the typical slow (quadratic) initial
growth of �x that leads over into linear (diffusive) spreading at later
times t, for � = 1. Top left: Fits of �x

2 vs. �p

2 at t = 0 used for
extracting �fs

2 as the intercept. � = 0.1, 1, 10 shown by red dashed,
blue continuous, black dotted lines, respectively. Right column: Fits
of the time evolution used to extract the effective mass M

⇤ ( � =
0.1, 1, 10 shown in top, middle, bottom panel, respectively). The
expected quadratic dependence of the variance on �P and t is evident
in all parameter regimes.

simple argument based on the assumptions that yrast states are
associated with (soliton-like) quasiparticles characterised by
(a) a particle number depletion Nd =

R
[n(x) � n

bg

]dx < 0

that is localised on a scale that is small compared to the box
size L, where n

bg

& n
0

is the background density, and
(b) a nominal “phase step” �� that leads to a backflow current
with velocity v

cf

= ~��/mL.
The physical picture is that a background current has to flow
in order to link up the phase at the edges of the box due to pe-
riodic boundary conditions. The soliton moving on the back-
ground experiences a Galilean boost. The approximate finite
system dispersion to leading order O(L�1

) is then obtained
from

EN
s

(P ) ⇡ E1
s

(P ) + Psvcf +
1

2

Nmv2
cf

+

N2

d

2L

dµ

dn
0

, (12)

where Ps = Ndmv
s

is the physical momentum of the mov-
ing density depletion and the last term is a correction of the
ground state energy due to the localised particle depletion ob-
tained from Taylor expansion of the equation of state. All
quantities on the right hand side of Eq. (12) are evaluated
in the thermodynamic limit with density n

0

. The Galilean
boost demands P = P

s

+ Nmv
cf

, which can be used to de-
termine the backflow velocity v

cf

or, equivalently the phase
step �� once the particle number depletion N

d

is known (see
Fig. 1). The latter can be computed from the dispersion rela-

Ballistic spreading of the CoM – fit two parameters: 

where �x

2 =N

�1
d

Z
(x� hxi)2 [n(x)� n0] dx

Nd =

Z
[n(x)� n0] dx

�

2
0 =

~2
4�P

2

�2
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Fits to the numerical time evolution 
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The fundamental soliton width 
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FIG. 4. Fundamental soliton parameters extracted from fits of numer-
ical simulation with N = 100 particles. Top: Variance of the funda-
mental soliton �fs

2 vs. the particle number depletion Nd calculated
from the yrast dispersion of the Lieb-Liniger model with Eq. (13).
Data from different momenta and different coupling strengths col-
lapses onto the same curve. Bottom: Ratio of the inertial mass mI

extracted from the yrast dispersion with Eq. (??) and the fitted ef-
fective mass M⇤ from the numerical simulations. The ratio remains
very close to one and the scatter remaining largely below 0.5% de-
viation seen in the data is at the level expected from our numerical
procedures.

tion [23, 39]
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d
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1� v2
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@E

s

@µ
+

v
s

P

mc2

◆
, (13)

where the derivatives have to be taken at constant P and g and
c is the speed of sound defined by mc2 = n

0

dµ/dn
0

and µ =

limN!1 dEN
0

/dN is the chemical potential of the ground
state. Equation (13) was derived under similar assumptions as
(a) and (b).

Even though the assumptions of localisation (a) and a phase
step responsible for a superfluid current (b) are not obviously
satisfied, we find that the continuous approximation is excel-
lent in all interaction regimes as long as �

fs

⌧ L [40]. Nu-
merical examples are shown in Fig. 1. In the Tonks-Girardeau
limit of � = 1 the approximation (12) becomes exact with
N

d

= �1 and EN
s

(P ) = [�P 2

+ 2Pp
F

(1 + N�1

)]/2m,
where p

F

= ⇡n
0

~ is the Fermi momentum. The fact that this
approximation works very well tells us that the concept of a
phase step and a global backflow current is a valid concept
in all interaction regimes, despite the fact that global phase
coherence should not be expected due to the algebraic off-
diagonal long-range order.

Recent advances in the field of ultracold atoms

In conclusion, we have demonstrated
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So does the phase step mean anything here?
Shamailov, Brand, arXiv:1805.07856



Yes, the phase step is very important.
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FIG. 2. Time evolution of a quantum dark soliton constructed as
a superposition of yrast eigenstates of the Lieb-Liniger model with
N = 100 particles at intermediate interaction strength � = 1.

Phenomenological theory of quantum dark solitons –
Here we show that wave-packet-like superpositions of yrast

states show a depletion in the single-particle density. The den-
sity depletion will however not remain localised but disperse
due to the non-linear features of the yrast dispersion.

�x2

(t) = �
fs

2

+ �2

CoM

(t), (9)

where �
fs

2 is the variance of the fundamental soliton, which
is constant in time. The center-of-mass variance �2

CoM

(t) fol-
lows the time evolution of a Gaussian wave packet in the sin-
gle particle Schrödinger equation

�2

CoM

(t) = �2

0

"
1 +

✓
~t

2M�2

0

◆
2

#
, (10)

where

�2

0

=

~2
4�P 2

, (11)

is the variance of the Gaussian wave packet.
Yrast dispersion relation – The yrast excitation energy

EN
P � EN

0

becomes a continuous function of momentum
E1

s

(P ) in the thermodynamic limit where N ! 1 while
n
0

= N/L = const. It can be obtained by solving a Fredholm
integral equation [38]. The continuous dispersion relation is
useful for obtaining various relevant properties for the quasi-
particle descriptions as derivatives, i.e. the quasiparticle ve-
locity v

s

= dE
s

/dP and inertial mass m�1

I

= d2E
s

/dP 2. It
be seen from Fig. 1 that the infinite system dispersion E1

s

(P )

is not a good approximation of the exact finite system excita-
tion energies EN

P � EN
0

. At P = 2⇡n
0

~, for example, the
umklapp energy P 2/2mN simply goes to zero for N ! 1.
The leading 1/N correction term to the yrast dispersion rela-
tion of the finite system can be obtained from a conceptually
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FIG. 3. Width of the density depression from simulations with N =
100 particles (symbols) compared with fits of Eq. (9) (lines). The
bottom left panel demonstrates the typical slow (quadratic) initial
growth of �x that leads over into linear (diffusive) spreading at later
times t, for � = 1. Top left: Fits of �x

2 vs. �p

2 at t = 0 used for
extracting �fs

2 as the intercept. � = 0.1, 1, 10 shown by red dashed,
blue continuous, black dotted lines, respectively. Right column: Fits
of the time evolution used to extract the effective mass M

⇤ ( � =
0.1, 1, 10 shown in top, middle, bottom panel, respectively). The
expected quadratic dependence of the variance on �P and t is evident
in all parameter regimes.

simple argument based on the assumptions that yrast states are
associated with (soliton-like) quasiparticles characterised by
(a) a particle number depletion Nd =

R
[n(x) � n

bg

]dx < 0

that is localised on a scale that is small compared to the box
size L, where n

bg

& n
0

is the background density, and
(b) a nominal “phase step” �� that leads to a backflow current
with velocity v

cf

= ~��/mL.
The physical picture is that a background current has to flow
in order to link up the phase at the edges of the box due to pe-
riodic boundary conditions. The soliton moving on the back-
ground experiences a Galilean boost. The approximate finite
system dispersion to leading order O(L�1

) is then obtained
from

EN
s

(P ) ⇡ E1
s

(P ) + Psvcf +
1

2

Nmv2
cf

+

N2

d

2L

dµ

dn
0

, (12)

where Ps = Ndmv
s

is the physical momentum of the mov-
ing density depletion and the last term is a correction of the
ground state energy due to the localised particle depletion ob-
tained from Taylor expansion of the equation of state. All
quantities on the right hand side of Eq. (12) are evaluated
in the thermodynamic limit with density n

0

. The Galilean
boost demands P = P

s

+ Nmv
cf

, which can be used to de-
termine the backflow velocity v

cf

or, equivalently the phase
step �� once the particle number depletion N

d

is known (see
Fig. 1). The latter can be computed from the dispersion rela-

Ps = mvsNd

vcf =
~��

mL

P = mvsNd +
1

2
~n0��

In ring geometry (periodic box), the phase 
step demands backflow current.

Energy and momentum have corrections 
from Galilean boost.

Phase uncertainty is inherited from momentum 
uncertainty.



Comparison of dispersion relations 
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Quantum soliton collisions 



What have we learned… 
•  Even in the absence of true long-range order, solitons persist
•  Solitons behave like quantum-mechanical bound states of (a 

noninteger number of) holes
•  The phase step is relevant for the backflow current – on a global 

scale

•  Yrast excitation spectrum may hold the key to soliton-like 
excitations even in non-integrable models: many properties can be 
obtained as derivatives

•  Spreading of density is controlled by effective mass
•  Generalisations to fermions, long-range interactions, …

…beyond the 1D Bose gas? 



Other projects / future: 
•  Stochastic exact diagonalisation in Fock space for ultra-

cold atoms: �
Collaboration with Ali Alavi (Stuttgart) on FCIQMC

•  Accelerating Fock space expansion of one-dimensional 
quantum gas with contact interaction with the 
transcorrelated method. �
Improvement from                    to �
�
P Jeszenszki, HJ Luo, A Alavi, JB, arXiv:1806.032888
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